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Abstract
We compute the entropy and the corresponding central charge of the self-dual string soliton
in the supergravity regime using the blackfold description of the fully localized M2-M5
intersection.
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1. M2-M5 blackfold funnels
In a recent paper [1] we provided a new description of the fully localized supergravity
solution of the M2-M5 intersection in IR1,10
0 1 2 3 4 5 6 7 8 9 10
M2 : • • •
M5 : • • • • • •
(1.1)
using the blackfold approach [2-4] (see [5] for a recent review and [6,7] for other recent
applications in string theory). In particular, we showed that one can describe the 1/4-
BPS intersection (1.1) in terms of a three-funnel (spike) solution of an effective fivebrane
worldvolume theory, where a single transverse scalar field z := x6 is activated and behaves
as
z(σ) = 2π
N2
N5
ℓ3P
σ2
. (1.2)
N2, N5 denote the number of M2 and M5 branes respectively, ℓP is the Planck scale, and
σ is the radial distance in the directions (2345) transverse to the string intersection but
parallel to the fivebrane worldvolume. This solution should be contrasted to the self-dual
string soliton of [8] for N5 = 1, where
z(σ) =
2Qsd
σ2
. (1.3)
Qsd, which is proportional to the number of M2 branes N2, denotes the self-dual elec-
tric/magnetic charge of the self-dual string. The agreement between the profile (1.3) and
the profile implied by the fully localized supergravity solution was also noticed with alter-
native techniques in [9].
In this paper we proceed to analyze the thermal version of the spike solution (1.2)
following (as outlined in [1]) the strategy of [10], who considered the analogous situation
for the BIon solution of the D3-F1 system. Since the exact supergravity solution of the
black M2-M5 system is not known, the information we will obtain here is not available
currently with any other method.
We are particularly interested in the finite-temperature entropy of the solution from
which we can read off the central charge c of the self-dual string. In the regime, N2, N5 ≫ 1,
we find the following expression
c ≃ 0.6 N
2
2
N5
. (1.4)
We compare this result with data available from other methods valid in different regimes,
and propose a preliminary interpretation.
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2. Thermal spikes
The blackfold approach describes the (fully localized) supergravity intersection (1.1)
as a spike solution of an effective fivebrane worldvolume theory. The effective fivebrane
worldvolume, parametrized by coordinates σˆa (a = 0, 1, . . . , 5), is embedded in the ambient
eleven dimensional flat spacetime whose metric we express as
ds211 = −dt2 + (dx1)2 + dr2 + r2(dψ2 + sin2 ψ(dϕ2 + sin2 ϕdω2) +
10∑
i=6
(dxi)2 . (2.1)
The angular coordinates ψ, ϕ, ω parametrize a round three-sphere. In the static gauge
t(σˆa) = σˆ0 , x1(σˆa) = σˆ1 , r(σˆa) = σˆ2 := σ
ψ(σˆa) = σˆ3 , ϕ(σˆa) = σˆ4 , ω(σˆa) = σˆ5 , x6(σˆa) = z(σ) .
(2.2)
The six dimensional worldvolume is oriented along the directions (t, x1, r, ψ, ϕ, ω) and we
are activating only one of the transverse scalars, x6 = z.
It is convenient to define the quantities
q2 =
16πG
3Ω(3)Ω(4)
Q2 , q5 =
16πG
3Ω(4)
Q5 , β =
3
4πT
, κ =
q2
q5
(2.3)
where Q2, Q5 are respectively the charges of the M2 and M5 branes,
Q2 =
N2
(2π)2ℓ3P
, Q5 =
N5
(2π)5ℓ6P
, (2.4)
and T is the temperature. The quantities in (2.3) are σ-independent constants that
parametrize a solution. ℓP is the eleven dimensional Planck scale, in terms of which
16πG = (2π)8ℓ9P . Ω(n) denotes the volume of the round n-sphere.
For static configurations the equation of motion of the transverse scalar z(σ) can be
determined by extremizing the DBI-like worldvolume action
I =
Ω(3)Ω(4)LtLx1
16πG
23/2q35
β6
∫
dσ
√
1 + z′2F (σ) (2.5)
where
F (σ) = σ3

 1 + κ2σ6
1 +
√
1− 4q25
β6
(
1 + κ
2
σ6
)


3
2

−2 + 3β6
2q25
1 +
√
1− 4q25β6
(
1 + κ
2
σ6
)
1 + κ
2
σ6

 . (2.6)
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We are using the + branch that has a sensible extremal limit [1]. Lt, Lx1 denote the
(infinite) length of the t, x1 directions. Varying this action with respect to z(σ) we obtain
the equation of motion (
z′(σ)F (σ)√
1 + z′(σ)2
)
′
= 0 . (2.7)
Ref. [1] noted (in analogy to the BIon case [6]) that the reality of the above expressions
places an upper bound on the temperature T
β3 ≥ 2q5 . (2.8)
Furthermore, it is apparent from (2.6) that, at any non-zero temperature, a solution will
break down at
σb =
(
4q22
β6 − 4q25
) 1
6
. (2.9)
This value should be contrasted to the critical value σc where the validity of the
leading order approximation breaks down. The description (2.5) is the leading term in a
derivative expansion that assumes the following hierarchy of scales [6,1]
σ ≫ rc(σ) = q
1
3
5
(
1 +
κ2
σ6
) 1
6
. (2.10)
The charge radius rc(σ) is a scale that characterizes the size of the black brane solution in
directions transverse to the effective fivebrane worldvolume. σc is the critical value where
this hierarchy breaks down, namely σc = rc(σc), or
σc =
(
πN5√
2
) 1
3
(
1 +
√
1 +
64N22
N45
) 1
6
ℓP . (2.11)
Notice that in contrast to σb the value of σc is temperature-independent.
Comparing the characteristic scales σb, σc we conclude that in the near-extremal limit
σb
σc
=
√
2κ
1
3
β
(
1 +
√
1 +
64N22
N45
)− 1
6
≪ 1 (2.12)
and the potential breakdown of a thermal spike solution occurs well within the region
where the leading order blackfold approximation cannot be trusted. In that sense, the
pathological region is naturally excised and creates no particular concern.
3
Figure 1. Regions I, II, III on the semi-infinite σ line. σc is the characteristic scale
where the regime of validity of the leading order blackfold approximation ends. σb is the
point where a solution of (2.7) breaks down. σ0 denotes the correspondence point where
the thermodynamic data of a black M2 brane are matched to the thermodynamic data of
the blackfold spike.
The general spike solution of equation (2.7) is parametrized by a value σ0 that controls
the boundary conditions
lim
σ→+∞
z(σ) = 0 , lim
σ→σ+
0
z′(σ) = −∞ . (2.13)
In order to fix the solution uniquely, we need to find the appropriate σ0. In the extremal
case σ0 = 0 and the solution extends all the way to infinity in the z direction. The addition
of temperature modifies the solution and with it σ0 which takes a non-zero temperature-
dependent value. In the case where σ0 < σb the solution terminates abruptly at the
pathological point σb and the second boundary condition in (2.13) is vacuous. For σ0 > σb
the solution terminates at σ0 before reaching σb. From the point of view of the leading
order approximation the solution is sensible if the termination point is hidden beyong the
regime of its validity. In that case, the precise value of σ0 and the continuation of the
solution beyond the termination point requires data that take us naturally beyond the
strict regime of validity of the leading order approximation.
In what follows, we propose that the near-extremal spikes are characterized by
temperature-dependent values σ0 that obey the inequalities σb < σ0 < σc. The emerging
4
picture is summarized in Fig. 1. As we traverse σ from σ = +∞ (the location of the
asymptotic M5 brane) to σ = 0 (the location of the M2 spike) we encounter three different
regions. In region I, where σ ≫ σc, the leading order blackfold description is valid and
the solution is well approximated by a spike solution obeying the boundary conditions
(2.13). At the other extreme, call it region III, where σ ≪ σc, the notion of a fivebrane
three-funnel is altogether absent and one should think of the solution more appropriately
as a deformed black M2 brane. In the intermediate region II both descriptions break down
and mold into each other.
Ref. [10] proposed an approximate scheme for fixing σ0, where the thermodynamic
data of the solutions in regions I and III are matched by extrapolation over the intermediate
region II. The fact that we have to push the blackfold description inside the unreliable
region II is not unexpected: in order to fix the solution we require data from the emerging
M2 spike which are only available in this region.
One obtains two separate gluing conditions in this manner. The first condition comes
from the matching of the tension of the blackfold solution at σ0 to the tension of a black
M2 brane. The second condition comes from a similar matching of the entropy densities.
Although a priori independent and derived in a regime where the relevant approximations
break down, the two conditions produce results that agree impressively well with each
other. We will discuss the issues and viability of this approximate scheme further in section
4. For the moment, we assume that this scheme captures sufficiently well the near-extremal
thermodynamic features of the system and proceed to analyze its implications.
2.1. The spike point of view
The tension and entropy density of a σ0-spike is given at any point σ by the following
formulae [4,11]
1
Lx1
dM
dz
=
Ω(3)Ω(4)
16πG
β3σ3
F (σ)
F (σ0)
1 + 3cosh2α
cosh3α
, (2.14)
1
Lx1
dS
dz
=
Ω(3)Ω(4)
4G
β4σ3
F (σ)
F (σ0)
1
cosh3α
, (2.15)
where
coshα =
β3√
2q5
√√√√1 +
√
1− 4q25β6
(
1 + κ
2
σ6
)
1 + κ
2
σ6
. (2.16)
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Expanding these expressions in inverse powers of β around the extremal solution we
obtain
1
Lx1
dM
dz
∣∣∣∣
σ=σ+
0
= Q2


√
1 +
σ60
κ2
+
5q22
6β6
(
1 +
σ60
κ2
) 3
2
σ60
+
11q42
8β12
(
1 +
σ60
κ2
) 5
2
σ120
+O (β−18)

 ,
(2.17)
1
Lx1
dS
dz
∣∣∣∣
σ=σ+
0
=
2πQ2
3

2q22
(
1 +
σ60
κ2
) 3
2
β5σ60
+
3q42
(
1 +
σ60
κ2
) 5
2
β11σ120
+O (β−17)

 . (2.18)
2.2. The black M2 point of view
The appropriate description in region III involves a black M2 brane oriented along the
directions (016). The M2 brane has the same charge Q2 and the same temperature T as
the M2-M5 system. A perturbative expansion of the tension and entropy density around
the extremal limit gives
M
Lx1Lz
= Q2
(
1 +
√
q2
3
√
2β3
+
5q2
26β6
+O (β−9)) , (2.19)
S
Lx1Lz
=
2πQ2
3
( √
q
2√
2β2
+
3q2
16β5
+O (β−8)) . (2.20)
2.3. Gluing conditions at the correspondence point
Ref. [10] proposes to match the expressions (2.17)-(2.20) order by order in the regime
where the M2 brane contribution dominates the thermodynamics of the M2-M5 system,
namely in the regime where κ2 ≫ σ60 . In addition, we require the second-order corrections
in the expansions (2.17), (2.18) to be subleading. Therefore, in total
κ2 ≫ σ60 ≫
q22
β6
. (2.21)
These are conditions that restrict our near-extremal analysis to a sufficiently small tem-
perature.
In this regime, the expansions (2.17), (2.18) simplify and the gluing conditions
(
1
Lx1
dM
dz
∣∣∣∣
σ=σ+
0
)
M2−M5
=
(
M
Lx1Lz
)
M2
, (2.22)
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(
1
Lx1
dS
dz
∣∣∣∣
σ=σ+
0
)
M2−M5
=
(
S
Lx1Lz
)
M2
(2.23)
imply separately the following temperature expansions of σ0
σ
(M)
0 =
q
1
4
2
β
1
2
(
c
(M)
1 + c
(M)
2
q
1
2
2
β3
+O (β−6)
)
, c
(M)
1 =
(
25
2
) 1
12
≃ 1.234 , c(M)2 = −
(
514
279
) 1
12
≃ −0.068,
(2.24)
σ
(S)
0 =
q
1
4
2
β
1
2
(
c
(S)
1 + c
(S)
2
q
1
2
2
β3
+O (β−6)
)
, c
(S)
1 = 2
1
4 ≃ 1.189 , c(S)2 = 2−
17
4 ≃ 0.052 .
(2.25)
Notice the advertised parametric separation of the scales σb ∼ β−1 and σ0 ∼ β− 12 . In addi-
tion, the coefficients of the leading order terms (c
(M)
1 , c
(S)
1 ) agree well within a 4% accuracy
despite working in region II that lies beyond the validity of the employed approximations.
There is less agreement in the subleading terms.
The profile of the near-extremal thermal spike z(σ) can now be determined pertur-
batively in a small-temperature expansion by solving the equation (2.7) with boundary
conditions (2.13), or equivalently the equation
z′(σ)F (σ)√
1 + z′(σ)2
= −F (σ0) , (2.26)
with σ0 = σ
(M)
0 (q2, β), or σ0 = σ
(S)
0 (q2, β).
3. Entropy and the central charge of the self-dual string soliton
We are now in position to determine the entropy of the solution. The total entropy
is obtained by integrating the entropy density dSdz over the full range of z from z = 0 (in
region I) to z = +∞ (in region III). There are several contributions to this entropy; for
instance, contributions that scale like T 5 from region I where the M5 brane dominates, and
contributions that scale like T 2 from region III where the M2 brane dominates. We are not
interested in either of these contributions. We are only interested in the contribution of
the (1+1) dimensional intersection whose leading behavior in the small temperature limit
scales like T . We propose that this contribution can be extracted from the leading order
blackfold solution (extrapolated into region II) by integrating the density (2.15) over the
range (σ0,+∞). Namely, it can be extracted from the integral expression
S
Lx1
=
Ω(3)Ω(4)β
4
4G
∫ +∞
σ0
dσ σ3
F (σ)√
F 2(σ)− F 2(σ0)
1
cosh3α
. (3.1)
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The leading order expansion of the integrand in powers of T (with a fixed σ0) gives
S
Lx1
=
Ω(3)Ω(4)
4G
q35
β5
∫ +∞
σ0
dσ
(κ2 + σ6)2
σ6
√
σ6 − σ60
+O (β−11) . (3.2)
In this expression we should substitute the leading order behavior of the correspondence
point
σ0 = c1
q
1
4
2
β
1
2
(3.3)
where c1 is the numerical coefficient c
(M)
1 or c
(S)
1 .
The integral (3.2) is IR divergent in region I (σ → +∞). The leading contribution
from that region behaves as N35T
5 and reproduces correctly the entropy of the M5 black
brane. We are not interested in this contribution, and we can subtract it by introducing
an IR cutoff. Alternatively, we can perform the integral (3.2) by using hypergeometric
functions in which case we remove the IR divergence by analytic continuation. We have
verified that both approaches give the same result.
Using the hypergeometric function approach we find
S
Lx1
=
Ω(3)Ω(4)
4G
q35σ
4
0
β5
Γ( 13 )Γ(
1
6)
48
√
π
2F1
(
−2,−2
3
,−1
6
;−κ
2
σ60
)
+O (β−11) . (3.4)
The hypergeometric function is particularly simple in this case
2F1
(
−2,−2
3
,−1
6
;−κ
2
σ60
)
= 1 +
8κ2
σ60
+
8κ4
5σ120
. (3.5)
Inserting the leading order behavior (3.3) we finally obtain
S
Lx1
=
8
√
πΓ( 1
3
)Γ( 1
6
)
135c81
N22
N5
T +O (T 4) . (3.6)
Using the Cardy formula for a two dimensional CFT
S
Lx1
=
πc
6
T (3.7)
we deduce from (3.6) the following central charge of the self-dual string soliton
c =
16Γ( 13 )Γ(
1
6)
45
√
πc81
N22
N5
≃ 0.6 N
2
2
N5
. (3.8)
To obtain the last numerical expression we used c1 ≃ 1.2 (see eqs. (2.24), (2.25)).
Equation (3.8) is the main result of this paper. In the next and final section we discuss
further the assumptions that went into this computation and compare with other data in
the literature obtained with different methods.
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4. Discussion
The computation of the entropy of the near-extremal M2-M5 intersection, that led to
the result (3.8), was performed assuming:
(1) the validity of an approximation that determines the leading order thermal black-
fold spike by fixing the boundary conditions (2.13) at a certain correspondence point
σ0(q2, T ), obtained by matching data from regions I and III,
(2) the extrapolation of the descriptions in regions I and III into the region II, where both
are beyond the regime of their validity, and
(3) that the O(T ) contribution to the M2-M5 entropy can be calculated correctly by
integrating the entropy density of the leading order blackfold description in regions I
and II over the range (σ0,+∞).
Although these assumptions may appear quite strong, there are preliminary reasons to
believe that they are sufficiently plausible. First of all, the approximate matching scheme
of (1), and the extrapolation (2) that it entails, are the natural extension of the successful
picture in the extremal, 1/4-BPS, case. The extremal case involves a blackfold spike with
σ0 = 0. The leading order blackfold approximation, which again breaks down at the
(N2, N5)-dependent point σc (2.11), reproduces exactly at the tip (at σ = 0) the tension
of the extremal M2 brane [1]. This, a priori unexpected, miracle has been observed before
in the DBI treatment of the BIon solution in the case of the D3-F1 system [12] and its
blackfold treatment in [6]. In a companion paper [11] we verify a similar observation in the
blackfold description of a more complicated extremal rotating M2-M5 intersection with a
null wave.
Another encouraging consistency of the assumptions (1), (2) is provided by the non-
trivial matching of the expansions (2.24), (2.25). The temperature expansions are the
same in both cases and the leading order coefficients, c
(M)
1 , c
(S)
1 , agree well within a 4%
discrepancy. This agreement is impressive considering how far from the regime of validity
of the leading order approximations it was derived.
As we move away from extremality, it is natural to expect that any deviations between
the exact results and the results obtained with the assumptions (1), (2) will be suppressed
by positive powers of the temperature. For us the crucial question is how such deviations
affect the order O(T ) result of the entropy density in equation (3.6). A potential way to
probe such deviations is to compute the next-to-leading order corrections in the matching
scheme (1) by using the next-to-leading order corrected version of the blackfold equations
(along the lines of [13]).
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On dimensional grounds we anticipate that the only way higher order corrections can
modify the leading order expression (3.6) is the following. The corrected version of (3.6)
could take the form of a series expansion
S
Lx1
∼ 1
G
q22
q5
(1 + a1 + a2 + . . .)T + . . . (4.1)
where the dots at the end of the rhs indicate terms with higher powers of T . Since the IR
physics of the system is dominated by the two dimensional CFT at the intersection, it is
natural to expect that the leading temperature dependence of the exact entropy function
is order O(T ).
There are three dimensionful parameters that control the blackfold description: q2, q5
and T . We can make two independent dimensionless ratios out of these parameters. One of
them involves the temperature, the other is temperature-independent. Accordingly, there
are two potential corrections carried by the terms ai: corrections that come with positive
powers of the temperature and corrections that do not depend on the temperature. The
former will not contribute to the O(T ) result. The latter are expressed in terms of the
dimensionless ratio q2
q2
5
. Assuming these corrections are suppressed by positive powers of
q2, the expansion of the T -coefficient on the rhs of (4.1) will be a power series in the ratio
1
λ
:=
q2
q25
=
4N2
N25
. (4.2)
The intuition behind an expansion in positive powers of q2 (equivalently negative
powers of λ) is based on the observation that σ0 is proportional to q
1
4
2 (see eqs. (2.24),
(2.25)). Thus, it seems sensible to expect that as we decrease q2, the correspondence point
σ0 comes closer to region III and the approximation scheme becomes better. At the same
time, we observe that as we increase q2, σc also increases pushing region I to the right and
making the leading order blackfold approximation less accurate. The dependence of σc on
the ratio q2
q2
5
(2.11) indeed suggests that the corrections in (4.1) are of the form outlined
above. It would be useful and interesting to try to verify explicitly these expectations.
The validity of this picture implies that the leading order treatment of the system in
this paper is relevant in the limit of large λ, i.e. in the limit N2 ≪ N25 . We will return to
a plausible related interpretation of λ in a moment.
Finally, we have assumed in point (3) that the scaling behavior (3.6) is obtained cor-
rectly with an integral over the regions I and II. This is natural considering the assumptions
in points (1), (2). The contribution from region III, that involves a black M2 brane, should
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contribute mostly to the O(T 2) part of the entropy. Unfortunately, we do not have an
independent way to verify this expectation and take it here as part of the assumptions of
our overall computational scheme.
Interpretation of the result and comparison with other data in the literature
The direct computation of the central charge of the self-dual string soliton has been
difficult to achieve so far due to the lack of a sensible formulation of the non-abelian theory
that lives on the M5 branes. An anomaly computation [14-17] on the Coulomb branch of
the M5 branes suggests that the central charge behaves in the large N5 limit as
c ∼ N2N25 or c ∼ N2N5 (4.3)
depending on the symmetry breaking pattern. The latter is also consistent with a cross
section scattering calculation [18].
From the supergravity point of view the exact localized black M2-M5 intersection has
been so far inaccessible. A delocalized supergravity solution of the intersection is known
[19] and gives a central charge that scales like
c ∼ N2N5 . (4.4)
These results are different from the result in equation (3.8). This is not a contradiction.
Both (4.3) and (4.4) are derived in some abelian limit of the theory. In contrast, (3.8) is
a fully non-abelian result in the limit N2, N5 ≫ 1 (with N2 ≪ N25 ).
The next obvious question is the following: does (3.8) have a natural interpretation?
The possibility that the dimensionless ratio (4.2) controls perturbative derivative correc-
tions to our result suggests that it may be sensible to interpret λ as some type of ’t Hooft
coupling and the result (3.8) as the leading order term in a large ’t Hooft coupling expan-
sion. Then, it is more appropriate to express (3.8) in terms of N5 and λ, or N2 and λ. In
the first case we find
c ∼ 0.04 N
3
5
λ2
. (4.5)
This expression exhibits the standard N35 scaling of the number of degrees of freedom of
the M5 brane in the presence of a strong coupling reduction effected by the presence of
the M2 branes. Alternatively, if we express the central charge in terms of N2, λ
c ∼ 0.3 N
3
2
2√
λ
(4.6)
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which reproduces the anticipated N
3
2
2 scaling of the number of degrees of freedom of the
M2 branes (again in the presence of a strong coupling reduction). It is satisfying to see
that this observation recovers sensibly features of both the M2 and M5 branes (with a
reduction of the degrees of freedom expressed by a negative power of λ on both sides).
As a comparative example consider the case of the large-N ’t Hooft limit of the
SU(N)k Wess-Zumino-Witten (WZW) model [20]. In that case the natural ’t Hooft cou-
pling is λ = Nk and the central charge scales at leading order in the large ’t Hooft limit
as
c (SU(N)k) ∼ N
2
λ
. (4.7)
Notice that the limit λ → 0 is a weak coupling limit in the WZW model. By analogy,
and a naive use of (4.2), the λ→ 0 limit of the M2-M5 system occurs when N25 ≪ N2. It
seems unlikely that the self-dual string CFT has such a weak coupling limit and we are
not suggesting this is the case.
The above results make a very specific suggestion for the two dimensional N = (4, 4)
SCFT that describes the self-dual string soliton on M5 branes. It would be extremely
interesting to find independent checks of (3.8), to reproduce it from a CFT point of view
and to clarify if the above interpretation is appropriate or not.
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